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A ﬁnite-strain higher-order gradient crystal plasticity model accounting for the backstress effect originat-
ing from the existence of geometrically necessary dislocations (GNDs) is applied to plane strain ﬁnite ele-
ment analysis. Different element types are tested to seek out an element formulation that is reliable and
useful for solving problems involving severe plastic deformation. In the present ﬁnite element formula-
tion, the GND density rates are chosen to be additional nodal degrees of freedom. Different orders of
shape functions are employed for the interpolation of displacement rates and GND density rates. Their
effects on solutions are examined in detail by considering three boundary value problems: a simple shear
of a constrained layer (a ﬁlm), a compression problem with loading surfaces impenetrable to dislocations,
and a tension problem involving shear band formation. In all the cases, the formulation in which eight-
node elements with reduced integration and four-node elements with full integration are used respec-
tively for displacement rates and the GND density rates gives reasonable solutions. In addition to the dis-
cussion on the choice of ﬁnite elements, detailed behavior in gradient-dependent solids, such as the
accumulation of GND density and the distribution of backstress on each slip system, is investigated by
utilizing the reliable computational results obtained.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Metals exhibit strongly size-dependent mechanical behavior at
the micron or submicron scale. A full understanding of mecha-
nisms of such size effects and their physically-based modeling will
contribute to the design of materials with an optimal microstruc-
ture providing superior performance for the required purpose
and will also contribute to design of micromechanical parts con-
tained in small machines such as micro electro mechanical systems
(MEMS). For advanced material modeling toward achieving this
goal, crystal plasticity theory (Asaro and Needleman, 1985; Peirce
et al., 1983; Taylor, 1938) is promising as a basic framework. Con-
ventional crystal plasticity theory, however, does not account for
any size dependence of mechanical properties. Generalizations of
models based on crystal plasticity theory to incorporate size effects
have been proposed by many researchers. In constitutive models,
the size effects have been associated with plastic strain gradients,
which correspond to the densities of geometrically necessary dislo-
cations (GNDs) (Ashby, 1970). One method of modeling size effects
is to construct a plastic strain-gradient-dependent work-hardening
law (Acharya and Bassani, 2000; Ohashi, 2005). Another approach
is to extend conventional plasticity models to higher-orders
(Arsenlis et al., 2004; Bayley et al., 2006; Borg, 2007; Evers et al.,
2004a,b; Gurtin, 2002, 2008; Kuroda and Tvergaard, 2006; Shull rights reserved.and Fleck, 1999; Yeﬁmov et al., 2004a,b). The higher-order-type
formulations involve an additional partial differential equation
that accounts for strain gradient effects, and therefore require ex-
tra boundary conditions.
Higher-order gradient crystal plasticity theories canbe subclassi-
ﬁed into work-conjugate and non-work-conjugate types (Kuroda
andTvergaard, 2008a). In thework-conjugate type (Borg, 2007;Gur-
tin, 2002, 2008), higher-order stresses that are work-conjugate to
the slip gradients exist in addition to the standard stress, but in
the non-work-conjugate types such higher-order quantities do not
appear (Arsenlis et al., 2004; Bayley et al., 2006; Evers et al.,
2004a,b; Yeﬁmov et al., 2004a,b). It has been shown by Kuroda
and Tvergaard (2006, 2008a), in a small strain context, that there
is similarity and equivalency between the two types of theories,
even though they have different theoretical backgrounds andmath-
ematical representations. The two types of theory are in some cases
consistent, depending on the expression for the backstress in terms
of the GND densities. These considerations have been extended to a
ﬁnite deformation context in Kuroda and Tvergaard (2008b).
In the applications of the theories to engineering problems such
as advanced material design and microstructure design, a full
numerical solution will be necessary in general. The ﬁnite element
method is still one of the most powerful tools for this purpose. To
obtain relevant numerical solutions, a proper choice of ﬁnite ele-
ments is essential. This is particularly important for ﬁnite strain
problems involving plastic ﬂow localization, which often appears
in the form of shear bands. In addition, solids with crystal plasticity
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taken into consideration in ﬁnite element computations at ﬁnite
strains.
In the ﬁnite element analysis of higher-order gradient crystal
plasticity, it is necessary to treat additional degrees of freedom
for slip, GND density, or displacement gradient (or their rates),
depending on the theory and/or its formulation. Numerical compu-
tations based on the higher-order gradient theories of crystal plas-
ticity by the ﬁnite element method have been carried out in several
studies, as reviewed here. Shu and Fleck (1999) carried out two-
dimensional small-strain ﬁnite element analysis using a crystal
plasticity version of Fleck–Hutchinson theory (1997) for a lamel-
lar-shaped bicrystal material subjected to simple shear using
eight-node quadrilateral elements for displacements and four-
node elements for displacement gradients both with full integra-
tion. Bittencourt et al. (2003) performed two-dimensional small-
strain ﬁnite element analysis of Gurtin theory (2002) for the simple
shear of a constrained layer and a metal matrix composite sub-
jected to simple shear using eight-node elements with the full inte-
gration both for displacements and slips. Yeﬁmov et al. (2004a,b)
and Yeﬁmov and van der Giessen (2005) performed several
small-strain analyses based on their non-work-conjugate-type the-
ory for the problem of a composite material subjected to simple
shear, a constrained simple shear problem, and a pure bending
problem, using linear displacement triangular elements in the form
of ‘crossed triangles’ both for displacement rates and dislocation
density rates. In these small-strain analyses, the global results
should not be signiﬁcantly affected by the type of ﬁnite element
employed. Arsenlis et al. (2004), Evers et al. (2004a) and Bayley
et al. (2006) independently performed numerical computations
based on their own non-work-conjugate-type ﬁnite strain theories
for a constrained simple shear problem using four-node quadrilat-
eral elements for both displacement rates and the GND densities
(or their rates). Evers et al. (2004b) also analyzed the deformation
of a polycrystal using the same ﬁnite-strain gradient crystal plas-
ticity theory with the same numerical methods. However, the
amounts of strain treated in these analyses did not exceed 10%,
and no plastic ﬂow localization behavior was involved in the pre-
dictions. Borg (2007) applied his large-strain work-conjugate type
gradient crystal plasticity theory that was formulated on the basis
of Fleck–Hutchinson theory (2001) to the analysis of shear band
formation in plane strain tension. In the study of Borg (2007),
eight-node elements with reduced integration were used for dis-
placement rates, while four-node elements with full integration
were used for slip rate increments. The ﬂow localization behavior
associated with gradient effects was reasonably predicted. How-
ever, other types of element were not examined in the same prob-
lem. Thus, applications of higher-order gradient plasticity theories
to the ﬁnite element analysis of problems involving severe plastic
ﬂow are rather limited at present.
In the present paper, the ﬁnite-strain higher-order gradient
crystal plasticity model (Kuroda and Tvergaard, 2008b) is imple-
mented into plane strain ﬁnite element method. Different element
types are tested to ﬁnd which one gives reliable solutions for prob-
lems involving severe plastic strain. In the ﬁnite element formula-
tion based on the present theory, the additional nodal degrees of
freedom are chosen to be the GND density rates, rather than slip
rates as in the applications of work-conjugate type theories.1 Dif-
ferent orders of shape functions are used for the interpolation of dis-
placement rates and GND density rates. Their effects on solutions are
examined in detail by considering three boundary value problems:
a simple shear of a constrained layer (a ﬁlm), a compression problem1 To the author’s knowledge, ﬁnite element analysis with the ﬁnite deformation
version of Gurtin’s theory (2008) has not yet been reported.with loading surfaces impenetrable to dislocations, and a tension
problem involving shear band formation. In addition to the discus-
sion on the choice of ﬁnite elements, detailed behavior in gradi-
ent-dependent solids, such as the accumulation of GND density
and the distribution of backstress on each slip system, are examined
using the reliable computational results obtained.
In Kuroda and Tvergaard (2009), the compression problem con-
sidered in the present paper was analyzed using four-node plane
strain elements. The present investigation suggests that the results
in Kuroda and Tvergaard (2009) should be reexamined, as dis-
cussed in section 5.
2. Finite-strain higher-order gradient crystal plasticity theory
The gradient crystal plasticity theory considered in this study is
that proposed by Kuroda and Tvergaard (2008b). The multiplica-
tive decomposition (Kröner, 1960; Lee, 1969) of the deformation
gradient F is adopted as a basis for the kinematics of a single crystal
(Peirce et al., 1983; Asaro and Needleman, 1985):
F ¼ @x=@X ¼ Fe  Fp; det Fp ¼ 1; det F  J ¼ det Fe; ð1Þ
where X and x denote the positions of material points in the unde-
formed (reference) and the deformed conﬁgurations, respectively,
Fe involves small elastic stretches and rigid body rotations of the
lattice, Fp represents plastic deformations resulting from crystallo-
graphic slips, and J is the ratio of the current volume to the refer-
ence volume. All the volumetric changes are assumed to result
from elastic stretches in the lattice. Eq. (1) leads to the additive
decomposition of the velocity gradient L as
gradv  L ¼ _F  F1 ¼ Le þ Fe  Lp  Fe1;
Le ¼ _Fe  Fe1; Lp ¼ _Fp  Fp1;
)
ð2Þ
where v is the velocity of the material point, ‘grad’ denotes the spa-
tial gradient2 with respect to the coordinates x in the deformed con-
ﬁguration, the superscript 1 denotes the tensor inverse, and a
superposed dot denotes the material-time derivative. Lp is presumed
to be given by the superposition of crystallographic slips on different
slip systems, such that
Lp ¼
X
a
mðaÞsðaÞ mðaÞ; ð3Þ
where m(a) are the slip rates3 on individual slip systems, and s(a) and
m(a) denote the constant slip-direction and slip-plane normal unit
vectors, respectively, attached to the lattice space that resides in
the intermediate conﬁguration (Gurtin, 2006, 2008).
Substituting Eq. (3) into Eq. (2)1 gives
L ¼ Le þ
X
a
mðaÞ Fe  sðaÞ mðaÞ  Fe1
 
¼ Le þ
X
a
mðaÞsðaÞ  mðaÞ;
ð4Þ
with
sðaÞ ¼ Fe  sðaÞ; mðaÞ ¼mðaÞ  Fe1 ¼ FeT mðaÞ: ð5Þ
Here, sðaÞ and mðaÞ are viewed as s(a) and m(a), respectively, pushed
forward from the lattice space to the deformed conﬁguration, and
the superscript T denotes the transpose of a tensor.4 The rate of
deformation tensor D, which is the symmetric part of L, and the con-
tinuum spin W, which is the antisymmetric part of L, are given asgradv  v r, where r  o/oxjej with ej being the Cartesian base vectors.
3 The notation _cðaÞ is commonly used for the slip rate. The slip rate may not be the
material-time derivative of a well-deﬁned total quantity in the case of ﬁnite
deformations (Gurtin, 2006, 2008). We avoid using ‘dot’ here.
4 We write (Fe1)T = FeT.
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X
a
mðaÞPðaÞ;W ¼We þ
X
a
mðaÞWðaÞ; ð6Þ
with
PðaÞ ¼ 12 sðaÞ  mðaÞ þ mðaÞ  sðaÞ
 
;
WðaÞ ¼ 12 sðaÞ  mðaÞ  mðaÞ  sðaÞ
 
:
)
ð7Þ
For the ﬁnite deformation kinematics, several different expres-
sions have been proposed for the Burgers (geometric dislocation)
tensor or the GND densities (Acharya and Bassani, 2000; Cermelli
and Gurtin, 2001; Arsenlis et al., 2004; Evers et al., 2004a). In the
present theory, Gurtin’s (2006, 2008) deﬁnition of the GND densi-
ties is adopted, which are given by the following evolution
equations:
_qðaÞGðeÞ ¼ 
1
b
gradmðaÞ  sðaÞ; ð8Þ
_qðaÞGðsÞ ¼ 
1
b
gradmðaÞ  pðaÞ; ð9Þ
where b is the magnitude of the Burgers vector,
pðaÞ ¼ Fe  pðaÞ; pðaÞ ¼ sðaÞ mðaÞ, and qðaÞGðeÞ and qðaÞGðsÞ are the edge
and screw GND densities on the individual slip systems in the
lattice space, respectively.
We adopt the following constitutive relation in terms of the
material Jaumann rate of the Kirchhoff stress s(=Jr for Cauchy
stress r) formed on axes that spin with the lattice (Asaro and
Needleman, 1985):
se
r
¼ _sWe  sþ s We ¼ C : De ¼ C : D
X
a
mðaÞPðaÞ
 !
; ð10Þ
where C is a fourth-order elasticity tensor. This relation can be writ-
ten in terms of the standard Jaumann rate of the Cauchy stress r
r
with respect to the continuum spin W,
r
r ¼ _rW  rþ r W ¼ J1C : D

X
a
mðaÞðJ1C : PðaÞ þWðaÞ  r r WðaÞÞ  ðtrLÞr: ð11Þ
In the conventional theory of crystal plasticity, the magnitude of the
resolved shear stress
sðaÞ  sðaÞ  r  mðaÞ ð12Þ
governs the slip rate. At the micron scale, however, backstresses
resulting from the GND distribution cannot be neglected (Evers
et al., 2004a,b; Groma et al., 2003). Thus, the following slip rate rela-
tion is assumed:
mðaÞ ¼ m0sgnðsðaÞ  sðaÞb Þ
sðaÞ  sðaÞb
 
gðaÞ
0
@
1
A
1
m
; ð13Þ
where sðaÞb is the backstress on slip system a, g
(a)(>0) is the slip
resistance, m0 is the reference slip rate, andm is a slip rate sensitivity
parameter. The evolution law for g(a) is assumed to be
_gðaÞ ¼
X
b
hðabÞjmðaÞj; gðaÞjt¼0 ¼ s0; ð14Þ
where h(ab) are slip hardening moduli, s0 is the initial value of g(a),
and t is time. In the present model, the term sðaÞ  sðaÞb acts as an
effective shear stress that yields the plastic strain on the correspond-
ing slip plane.
According to the classical elastic solution for the stress ﬁeld
caused by an isolated dislocation, the internal stress at a material
point, which is caused by uniformly distributed GNDs around that
point, is completely canceled out (Evers et al., 2004a). Thus, back-
stresses should arise in response to the spatial gradients of theGND densities (Bayley et al., 2006; Evers et al., 2004a,b; Geers
et al., 2007; Groma et al., 2003; Kuroda and Tvergaard, 2006,
2008a,b). In the present application, we use the simple backstress
relation (Kuroda and Tvergaard, 2008b)
sðaÞb ¼ bs0l2 grad qðaÞGðeÞ  sðaÞ þ grad qðaÞGðsÞ  pðaÞ
h i
; ð15Þ
where l is a length scale parameter, qðaÞGðeÞ  J1qðaÞGðeÞ, and
qðaÞGðsÞ  J1qðaÞGðsÞ.
In the present study, a constant length scale l is introduced. Fur-
thermore, the backstress relation with no interaction between the
slip systems, Eq. (15), is employed. These assumptions may not be
realistic for actual materials. Groma et al. (2003) and Geers et al.
(2007) have discussed variable length scales set by the current dis-
location densities. The interaction between the slip systems has
been considered in several models (Bayley et al., 2006; Evers
et al., 2004a,b; Gurtin, 2002). The consideration and incorporation
of these advanced ingredients are left for a future study.3. Finite element formulation
3.1. Governing equations
The incremental virtual work principle for an updated Lagrang-
ian formulation (McMeeking and Rice, 1975) takes the form
Dt
Z
v
_PT : dLdv ¼ Dt
Z
st
_^t  dvds
Z
v
r : dLdv 
Z
st
t^  dvds
 
; ð16Þ
where _P is the nominal stress rate deﬁned at the deformed conﬁg-
uration, t^ and _^t denote a prescribed traction on the current surface st
and its nominal rate, respectively, the velocity is prescribed on the
rest of the current surface su (with the relation s = st + su for the total
surface), v is the volume (region) of the deformed body, dv is an
arbitrary virtual velocity satisfying dv = 0 on su, dL is the corre-
sponding virtual velocity gradient, andDt is a small time increment.
The bracketed terms in Eq. (16) have been introduced for the cor-
rection of equilibrium in numerical computations. The relationship
between the nominal stress rate and the Cauchy stress rate is given
by
_P ¼ _r L  rþ ðtrLÞr: ð17Þ
The differential equations for GND density evolution (i.e. Eqs.
(8) and (9)) play a role of additional governing equations in the
present theory. The weak form of the differential Eq. (8) takes
the formZ
v
q
_
_qðaÞGðeÞdv ¼
1
b
Z
v
grad q
_ sðaÞmðaÞdv þ 1
b
Z
v
q
_
divsðaÞmðaÞdv
 1
b
Z
s
q
_
n  sðaÞmðaÞds; ð18Þ
where ‘div’ denotes the divergence with respect to x in the de-
formed conﬁguration, q
_
is an arbitrary weighting function, and n
is the unit vector normal to the surface of the deformed body. The
same arguments are applied to the relations for the screw GND den-
sity rates in Eq. (9), replacing sðaÞ with pðaÞ, although in the numer-
ical computations of two-dimensional problems presented in the
subsequent section only the edge-type GND densities are
considered.
In the present theory, the standard incremental virtual work
principle, Eq. (16), and the GND density rate relations for the slip
systems, Eq. (18), are solved simultaneously using the ﬁnite ele-
ment method. Note that all these equations are valid independent
of the constitutive modeling, but are connected by the constitutive
relations involving the GND densities.
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In the present computations, a straightforward linear incremen-
tal method is adopted, while carefully choosing small time steps so
as to retain stable and convergent solutions. Since we here adopt
the viscoplastic constitutive model, the analyses of displacement
rates and GND density rates can be decoupled by applying a stag-
gered-type solution scheme for time integration as in Yeﬁmov et al.
(2004a,b), Yeﬁmov and van der Giessen (2005), and Kuroda and
Tvergaard (2006, 2008a,b, 2009).
Finite element equations are derived from the relations (16) and
(18), treating the edge GND density rates as additional nodal de-
grees of freedom (Kuroda and Tvergaard, 2008b). The ﬁnite ele-
ment equation based on the conventional virtual work relation,
Eq. (16), is in the usual form, and is not repeated here. The edge
GND density rates are interpolated as
_qðaÞGðeÞ ¼ ½Nq _qðaÞGðeÞ
n o
; ð19Þ
where [Nq] is a vector-type array of ﬁnite element shape functions
that do not necessarily coincide with those for the displacement
rate ﬁeld, and _qðaÞGðeÞ
n o
is a vector-type array of nodal values of the
edge GND density rate. Then, the ﬁnite element equation corre-
sponding to Eq. (18) becomesZ
v
½NqT½Nqdv _qðaÞGðeÞ
n o
¼ 1
b
Z
v
½BqTfsðaÞgmðaÞdv
þ 1
b
Z
v
½NqT divsðaÞmðaÞdv
 1
b
Z
s
½NqTn  sðaÞmðaÞds; ð20Þ
where the matrix [Bq] contains the derivatives of each component
of [Nq] with respect to x, and fsðaÞg contains the Cartesian compo-
nents of sðaÞ.
The term divsðaÞ is evaluated in the following manner: (i) for
each element, the values of the components of sðaÞ are extrapolateda b
G(e)
(1)
.    
,G(e)
(1)
.    
,   , G(e)
(N )
.    
u1
. 
u2
. 
8RI-4FI 8FI-8FI 
Fig. 1. Types of element used in the present study: (a) 8RI-4FI (eight-node element with
integration) for GND density rates); (b) 8FI-8FI (eight-node element with FI for both dis
with FI or SRI for displacement rates and four-node element with FI for GND density ra
degrees of freedom for qðaÞGðeÞ , these element types are simply denoted by 8RI, 8FI, and 4Ffrom the integration points to the nodal points using an approxi-
mated plane determined by a least-square method; (ii) the values
of the components of sðaÞ associated with a global node are taken to
be the averages of the local nodal values of each element which in-
cludes that node in its connectivity; (iii) the gradients of sðaÞ at the
integration points within an element are computed using the
derivatives of the shape functions, and divsðaÞ is computed as
@sðaÞ1 =@x1 þ @sðaÞ2 =@x2.
3.3. Choice of ﬁnite elements
To obtain relevant solutions at ﬁnite strains, a proper choice of
ﬁnite elements is essential. This is particularly important for the
analysis of problems involving plastic ﬂow localization in shear
bands since there may not be element boundaries along the favor-
able directions of shear band formation. The shear deformability of
elements in directions other than those along element boundaries
at ﬁnite strains is important. Furthermore, crystal plasticity solids
are strongly anisotropic. Material anisotropy should also be care-
fully considered in ﬁnite element computations at ﬁnite strains.
Mathur et al. (1994) demonstrated that twenty-node isopara-
metric brick element evaluated using 2  2  2 Gauss points (i.e.
reduced integration) is very efﬁcient for representing plastic ﬂow
localization behavior in three-dimensional solids and also shear
band formation under plane strain conditions realized by a corre-
sponding constraint on the three-dimensional elements. The ele-
ments in the latter use have the same character as eight-node
quadrilateral elements with 2  2 Gauss points in a two-dimen-
sional setting. The reduced integration lowers the resistance of ele-
ments to shear deformation in directions other than those along
the element boundaries (Mathur et al., 1994).
For the GND density rate analysis based on Eq. (18), only the
ﬁrst-order derivatives of the unknown quantity appear, and there-
fore their ﬁeld is only required to be piecewise differentiable. Thus,
the use of C0-continuous ﬁnite elements is justiﬁed. In the present
study, standard linear and quadratic elements are examined.c
  , G(e)
(N )
.    
u1
. 
u2
. 
G(e)
(1)
.    
,   , G(e)
(N )
.    
u1
. 
u2
. 
4FI-4FI 
(4SRI-4FI) 
RI (reduced integration) for displacement rates and four-node element with FI (full
placement rates and GND density rates); (c) 4FI-4FI (4SRI-4FI) (four-node element
tes). In computations using the conventional theory, which do not need additional
I (or 4SRI), respectively.
U
.
= 0 H0
H0
X2 n
X1
m(1) s(1)
s(2)
m(2)
60° 120°
Impenetrable  
boundary
Periodic length B0
n s ( ) ( ) = 0
Impenetrable  
boundary
n s ( ) ( ) = 0
Fig. 2. Constrained simple shear problem.
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not suitable, because the matrix
R
v ½NqT½Nqdv evaluated by re-
duced integration carries several zero eigenvalues that result in a
singular matrix. The matrix for a rectangular-shaped eight-node
element evaluated by 2  2 integration carries four zero eigen-
values. In the present computations, the full integration procedure
is used for the GND density rate analysis.
In consideration of the above, we ﬁrst consider the ‘8RI-4FI’ for-
mulation, in which the displacement ﬁeld is solved using eight-
node elements with 2  2 Gauss points (i.e. reduced integration)
and the GND density ﬁeld is solved using four-node elements with
2  2 Gauss points (i.e. full integration). The coordinates of the
nodes in the four-node elements are identical to those of the corner
nodes in the eight-node elements. However, the positions of Gauss
points in the eight-node and four-node elements do not coincide
with each other in a deformed state. Some preliminary computa-
tions showed that the effect of this discrepancy on numerical re-
sults is negligible, at least, in the problems solved in the present
paper. This was conﬁrmed through a comparison of a solution ob-
tained using the 8RI-4FI formulation with a solution obtained
using amodiﬁed 8RI-4FI formulation in which the biquadratic Jaco-
bian was also used in the four-node elements for the GND density
rate ﬁeld analysis. In addition, two more element formulations are
considered. One is the ‘8FI-8FI’ formulation, in which both the dis-
placement rate and GND density rate ﬁelds are solved using eight-
node elements with 3  3 Gauss points (i.e. full integration). The
other is the ‘4FI-4FI’ or ‘4SRI-4FI’ formulation in which the dis-
placement ﬁeld is solved using four-node elements evaluated by
full integration (2  2 Gauss points) or by selectively reduced inte-
gration5 (2  2 Gauss points for the deviatoric part and only a single
Gauss point for the volumetric part), depending on whether or not
the problem encounters a plastically incompressible difﬁculty, and
the GND density rate ﬁeld is solved using four-node elements with
2  2 Gauss points (full integration). Illustrations of the element for-
mulations are shown in Fig. 1. In computations using the conven-
tional theory, which do not need additional degrees of freedom for
_qðaÞGðeÞ, these element types are simply denoted by 8RI, 8FI, and 4FI
(or 4SRI).
For plastic solids subjected to large deformation under plane
strain conditions, a quadrilateral arrangement of linear displace-
ment triangular elements in the form of ‘crossed triangles’ has
been extensively used particularly in early ﬁnite strain ﬂow local-
ization analyses (e.g., Peirce et al., 1983; Tvergaard et al., 1981).
This use of triangular elements is efﬁcient for representing shear
band development when the diagonal rows of triangles are ori-
ented in the most favorable direction for shear bands at the onset
of their formation. However, it is less easy to design such a mesh in
advance in general cases. This type of element is not considered
here.4. Effects of choice of ﬁnite element types on computational
results
4.1. Constrained simple shear of a double-slip single crystal
A strip with height H0 in the X2-direction is subjected to a sim-
ple shear (Fig. 2) under plane strain conditions. We consider a two-
dimensional double-slip model with slip directions of 60 and
120, speciﬁed by angles measured counterclockwise from the
X1-direction, as indicated in Fig. 2. Only the edge dislocations are
taken into account; i.e. the direction of dislocation lines always
coincides with the X3-direction, pðaÞ ¼ pðaÞ ¼ e3, where ei are the5 The B-bar method (Hughes, 1980) is adopted.Cartesian unit base vectors. This is the same problem as that used
in Kuroda and Tvergaard (2008b).
The macroscopic boundary conditions are written as
v1 ¼ 0; v2 ¼ 0 along X2 ¼ 0;
v1 ¼ _U ¼ H0m0; v2 ¼ 0 along X2 ¼ H0;
	
ð21Þ
and the macroscopic shear strain C is deﬁned by
C ¼ U=H0: ð22Þ
Using the surface integration term in Eq. (18), the slip rate in the
boundary normal directions can be speciﬁed. Here we consider the
microscopic boundary condition of the interfaces (at X2 = 0,H0)
being impenetrable to dislocations, i.e.
n  sðaÞmðaÞ ¼ 0: ð23Þ
This means that there is no outﬂow of dislocations through the
interface.
The strip is assumed to be extended inﬁnitely in the X1-direc-
tion. Consequently, this problem is essentially one-dimensional,
that is, all the quantities vary only in the X2-direction. Thus, when
formulating the problem in a two-dimensional format, all ﬁeld
quantities are required to be periodic in the X1-direction with an
arbitrarily chosen periodic length B0, i.e.
v ið0;X2Þ ¼ v iðB0;X2Þ
_qðaÞGðeÞð0;X2Þ ¼ _qðaÞGðeÞðB0;X2Þ
)
: ð24Þ
This problem is solved using a ﬁnite element model composed of a
single column of quadrilateral elements aligned in the X2-direction.
Here, we deﬁne N as the number of elements aligned in the colum-
nar model.
The material parameter values are taken as follows: Young’s
modulus E = 130 GPa, Poisson’s ratio m = 0.3, s0 = 50 MPa,
h(ab) = 250 MPa (linear slip hardening), and m = 0.02. A deﬁnition
of the slip on slip system a,
cðaÞ 
Z t
0
mðaÞdt; ð25Þ
is introduced as a measure of accumulated plastic deformation.
The distributions of c(a) and qðaÞGðeÞ at C = 0.24 for the length scale
l/H0 = 0.3 are depicted in Fig. 3. The result for the 4FI-4FI formula-
tion with N = 40 is taken from Kuroda and Tvergaard (2008b),
which was conﬁrmed to be a convergent solution with respect to
element discretization. As reported in Kuroda and Tvergaard
(2008b), the solution obtained using 4SRI-4FI is completely
M. Kuroda / International Journal of Solids and Structures 48 (2011) 3382–3394 3387identical to that obtained using 4FI-4FI. The 4FI-4FI solution does
not exhibit any symptom of locking in this problem. As can be seen
in Fig. 3, the 8RI-4FI formulation with N = 30 and the 8FI-8FI for-
mulation with N = 16 give solutions identical to that for the 4FI-
4FI formulation with N = 40. For the present problem in which
every element is deformed in the simple shear mode along two
of the element boundaries, all the element formulations produce
satisfactorily accurate solutions with a reasonable element num-
ber, at least for the slips and GND densities, as shown in Fig. 3.
However, stress solutions are not identical. In the present prob-
lem, r22 and r12 must be uniform due to the requirement of the
equilibrium condition, divr = 0. Only 8FI-8FI exhibited small stress
oscillations, which violate the uniformity of r22 and r12. The
amplitudes of the oscillations were less than 1% of the average
stress values and were larger near the upper and lower boundaries0
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Fig. 3. Computational results for constrained simple shear problem: (a) distribu-
tions of slip across the thickness; (b) distributions of the GND density across the
thickness.than near the middle of the thickness. An additional computation
for 8FI-8FI with N = 30 was carried out to investigate correlation
between the oscillation and the ﬁnite element discretization. It
was found that the oscillations still remain persistently in the solu-
tion for this ﬁner mesh, although the amplitudes become about
half of those observed in the case of N = 16. The mean values of
the oscillatory stress distributions completely coincide with the
stress solutions obtained using 4FI-4FI, 4SRI-4FI and 8RI-4FI. Thus,
the oscillatory behavior does not relate to global stiffening of the
material response, and it is considered to be different from the
standard locking phenomenon.
It has been conﬁrmed by an additional computation that for
8FI-8FI stress oscillation persistently occurs even in small-strain
analysis based on a small-strain version of the present theory (Kur-
oda and Tvergaard, 2008a).4.2. Compression of a single-slip single crystal
In this problem, a rectangular-shaped single crystal with only
one slip system oriented at /1 = 45 relative to the compressive
axis is subjected to simple compression under plane strain condi-
tions as shown in Fig. 4. The macroscopic boundary conditions
are assumed to be
v2 ¼ 0; _^t1 ¼ 0 along X2 ¼ 0;
v2 ¼ _U; _^t1 ¼ 0 along X2 ¼ L0;
_^t1 ¼ _^t2 ¼ 0 along X1 ¼ 0;W0;
9>=
>;; ð26Þ
where L0 and W0 are the initial length and width of the specimen,
respectively, and _U is a prescribed end-displacement rate that is ta-
ken to be m0cos/1 sin/1L0. The aspect ratio of the specimen is L0/
W0 = 3. The nominal compressive strain and nominal stress are
respectively deﬁned as U/L0 and P/W0, where P is computed from
the sum of the nodal forces in the X2-direction along X2 = 0.s(1)
m(1)
1 =
G(e)
(1)
= 0
G(e)
(1)
= 0
W0
n s ( ) ( ) = 0
( ) 0
( ) 0
n s ( ) ( ) = 0
L 0
X1
X2
 45o
Fig. 4. Compression problem of single-slip single crystal with loading surfaces
impenetrable to dislocations under plane strain conditions.
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3388 M. Kuroda / International Journal of Solids and Structures 48 (2011) 3382–3394In addition to the standard displacement/traction boundary
conditions, the loading surfaces are assumed to be impenetrable
to dislocations (no plastic ﬂow through the loading surfaces), while
plastic straining can occur freely on the left- and right-hand sides
of the body, i.e.
n  sðaÞmðaÞ ¼ 0 along X2 ¼ 0; L0;
qðaÞGðeÞ ¼ 0 along X1 ¼ 0; W0:
)
; ð27Þ
The material parameter values are taken to be E = 130 GPa,
s0 = 50 MPa, m = 0.3, m = 0.05, and h(ab) = 0 (no internal hardening).
The present problem is the same as that analyzed in Kuroda and
Tvergaard (2009). However, they employed 4SRI-4FI only and per-
formed a computation up to a nominal compressive strain of 0.05.
Fig. 5 shows the deformed meshes and contours of the accumu-
lated slip ca 
R t
0 jmð1Þjdt
 
at a nominal compressive strain of 0.1
obtained using conventional crystal plasticity theory (with zero
length scale l = 0). All three element formulations predict a similar
highly nonuniform deformation mode. Fig. 6 depicts curves of
nominal compressive stress versus nominal compressive strain.
Beyond a nominal strain of 0.025, 4SRI predicts a slightly stiffer re-
sponse than the other two element formulations.
The deformed meshes and contours of an accumulated slip at a
nominal compressive strain of 0.1 for the gradient theory with a
length scale of l/W0 = 1 are shown in Fig. 7. The deformation mode
is signiﬁcantly different from that for the conventional theory. In
the case of 8RI-4FI (Fig. 7a), the central region of the specimen
exhibits uniform simple shear deformation along the slip direction,
and the rest of the part (the wedge portions) is hardly deformed.
The deformation mode changes abruptly within a single row of ele-
ments. In the present problem, there is no constraint on slip on the
left- and right-hand sides of the specimen. Thus, the whole diago-
nal region should be able to deform in the simple shear mode with
no constraint, i.e. with no backstress corresponding to no ‘‘pile-up’’
at the free side surfaces. The interface between the simple shear re-
gion and the hardly deformed region, which is not along element
boundaries, is well captured by 8RI-4FI. The deformation behavior
predicted by 8FI-8FI (Fig. 7b) is similar to that predicted by 8RI-4FI.
However, a transitional zone between the simple shear region and
the hardly deformed region can be seen, which is composed of twoFig. 5. Deformed meshes and contours of accumulated slip ca at a nominal compressi
plasticity theory: results for (a) 8RI (16  48); (b) 8FI (16  48); (c) 4SRI (20  60).to three rows of elements, and also bands with a slightly higher
amount of slip can be seen at the upper and lower portions of
the simple shear region. The deformation behavior predicted by
4SRI-4FI (Fig. 7c) is different from those predicted by 8RI-4FI and
8FI-8FI. The amount of accumulated slip gradually increases to-
wards the center of the specimen. This is attributed to the fact that
4SRI-4FI exhibits a stiffer response to shear deformation in direc-
tions other than along the edges of the element.
To examine the effect of mesh orientation, an additional com-
putation with a mesh composed of 8RI-4FI elements having differ-
ent aspect ratio was carried out. The result is shown in Fig. 7d. The
initial aspect ratio of the elements has been increased from 1.0ve strain of 0.1 for the compression problem obtained using conventional crystal
Fig. 7. Deformed meshes and contours of accumulated slip ca at a nominal compressive strain of 0.1 for compression problem obtained using gradient-dependent crystal
plasticity theory with l/W0 = 1.0: results for (a) 8RI-4FI (16  48) ; (b) 8FI-8FI (16  48); (c) 4SRI-4FI (20  60); (d) 8RI-4FI (16  32).
M. Kuroda / International Journal of Solids and Structures 48 (2011) 3382–3394 3389(Fig. 7a) to 1.5 (Fig. 7d). Even in the case of the larger aspect ratio of
the elements, the deformation mode changes abruptly along the
slip direction. In this case, the slip direction (at /1 = 45) does
not coincide with the diagonal direction of the elements. Thus, it
has been revealed that 8RI-4FI can well follow the material behav-
ior regardless of the mesh design.
The corresponding nominal compressive stress-nominal com-
pressive strain curves are plotted in Fig. 8. The 4SRI-4FI formula-
tion predicts a larger amount of nominal stress than 8RI-4FI and
8FI-8FI. Comparing Fig. 8 with Fig. 6, it can be seen that the present
length scale effect originating from the GND density does not
change the macroscopic yield stresses of the material (they remain
at about 100 MPa).
The computations with smaller length scales, i.e. l/W0 = 0.5 and
0.2, were reported in Kuroda and Tvergaard (2009), although they
used the 4SRI-4FI formulation only. It was reported that, even with
a small length scale relative to the specimen size, the impenetrable
boundary condition (Eq. (27)1) has a signiﬁcant effect on the over-
all deformation mode.4.3. Tension of single crystal with shear band formation
A rectangular-shaped single crystal under plane strain condi-
tions is subjected to tension (Fig. 9). As shown in the ﬁgure, three
slip systems whose slip directions are speciﬁed by an angle /
(=54.7) (Kysar et al., 2010; Rice, 1987) are assumed. The macro-
scopic boundary conditions are set to be
v2 ¼ 0; _^t1 ¼ 0 along X2 ¼ 0;
v2 ¼ _U; _^t1 ¼ 0 along X2 ¼ L0;
_^t1 ¼ _^t2 ¼ 0 along X1 ¼  12 ðW0 þ DW0Þ;þ 12 ðW0 þ DW0Þ:
9>=
>;
ð28Þ
In this problem, a geometrical imperfection is introduced as
DW0 ¼ W0 n1 cosð2px2=L0Þ þ n2 cosð4px2=L0Þ½ ; ð29Þ
with n1 = 0.0042 and n2 = 0.0024. The prescribed displacement rate
is given by _U ¼ 2m0 cos/ sin/L0 and the aspect ratio of the
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Fig. 9. Tension problem of single crystal with dislocation-free surfaces under plane
strain conditions.
6 In Watanabe et al. (1998), one-quarter part of the specimen was modeled by a
esh of 40  80 quadrilaterals of 4SRI, using symmetric boundary conditions.
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density free conditions are applied:qðaÞGðeÞ ¼ 0 along X2 ¼ 0;
qðaÞGðeÞ ¼ 0 along X2 ¼ L0;
qðaÞGðeÞ ¼ 0 along X1 ¼  12 ðW0 þ DW0Þ;þ 12 ðW0 þ DW0Þ:
9>>=
>>;
ð30Þ
The material parameter values are taken to be E = 1000s0,
s0 = 60.84 MPa, m = 0.3, m = 0.005, and
hðabÞ ¼ h ¼ h0 sech2 h0c
tot
a
ss  s0

 
; c tota ¼
X
a
Z t
0
jmðaÞjdt; ð31Þ
where h0 = 8.9s0 and ss = 1.8s0(Peirce et al., 1983). The nominal
stress and nominal strain used in the nominal stress-nominal strain
curves are respectively deﬁned as P/W0 (with P computed from the
sum of the nodal forces in the X2-direction along X 2 = L0) and U/L0.
Fig. 10 shows the deformed meshes and contours of the total
accumulated slip ctota at a nominal strain of 0.18 obtained using
the conventional theory (l = 0). For 8RI and 8FI, a mesh of
32  64 quadrilaterals is employed, while for 4SRI a slightly ﬁner
mesh (38  76) is used. To observe the mesh dependence of the
solution for the conventional theory, the result with a mesh of
16  32 quadrilaterals of 8RI is shown. The mesh of 32  64 for
the 8RI formulation predicts the most severe shear band formation.
Comparing Figs. 10a and b, the mesh dependence of the solution
can be observed. The 8FI formulation predicts the formation of a
little bit weaker shear bands. By contrast, 4SRI predicts a diffuse
neck-type deformation mode with broad shear bands, which is sig-
niﬁcantly different from that predicted by the other two element
formulations. Watanabe et al. (1998) demonstrated a convergence
analysis up to a mesh of 80  160 quadrilaterals6 with 4SRI. Even
with such a ﬁne mesh, the predicted shear bands appeared to be still
broad in comparison to those shown in Fig. 10a–c. Thus, the 4SRI ele-
ments show a stiff response to shear deformation in directions not
along the edges of elements and exhibit a very slow convergence
trend.
For comparison, a bifurcation analysis (Needleman and Tverg-
aard, 1992; Rice, 1976) for a rate-independent crystal plasticity so-
lid with the same slip system conﬁguration and the same slip
hardening properties as those used in the present ﬁnite element
computations was carried out. According to the bifurcation analy-
sis, the nominal strain at which a shear band emerges from a
homogeneous plane strain tension mode is 0.129, and it appears
along a line inclined at 49.9 from the X1-axis. In the ﬁnite element
analysis with 8RI for the present rate-dependent gradient plasticity
solid, shear bands were visible at a nominal strain of 0.14 on a con-
tour map of total accumulated slip ctota , and their angle from the X1-
axis was about 49. This band orientation appears to be consistent
with that in the bifurcation analysis and it remains almost un-
changed in later stages of deformation as can be seen in
Figs. 10a, b, and c.
The corresponding nominal stress–nominal strain curves are
plotted in Fig. 11. Only in the case of 8RI, a noticeable decrease
in nominal stress associated with shear band development is seen.
The 4SRI formulation predicts a higher nominal stress response
associated with less plastic ﬂow localization observed in Fig. 10d.
It appears that 4SRI is not promising for obtaining a relevant pre-
diction of strain localization.
Fig. 12 shows deformed meshes and contours of total accumu-
lated slip ctota at a nominal strain of 0.18 for the gradient-dependent
solid. The ﬁgure shows a comparison between results for two
meshes of 16  32 and 32  64 quadrilaterals with the 8RI-4FI for-
mulation. The length scale parameter is here taken to be l/
W0 = 0.12. Although the three slip systems are assumed as inm
Fig. 10. Deformed meshes and contours of total accumulated slip ctota at a nominal strain of 0.18 for tension problem obtained using conventional crystal plasticity theory:
results for (a) 8RI (16  32); (b) 8RI (32  64); (c) 8FI (32  64); (d) 4SRI (38  76).
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obtained using conventional crystal plasticity theory. Fig. 12. Deformed meshes and contours of total accumulated slip ctota at a nominal
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history. The shear band width spans over several rows of elements.
It can be seen that these two meshes give identical deformation
and slip distributions. The solution appears to be mesh-indepen-
dent, and the result for 32  64 quadrilaterals with the 8RI-4FI for-
mulation is considered to be a convergent solution.
Here we look at the detailed behavior in this gradient-depen-
dent solid with l/W0 = 0.12 modeled by 32  64 quadrilaterals with
the 8RI-4FI formulation. The distributions of the slip c(1) and the
GND density qð1ÞGðeÞ nondimensionalized with bl are shown in
Fig. 13. Furthermore, Fig. 14 shows the behavior of the resolved
shear stress s(1), backstress sð1Þb , and effective shear stress
sð1Þ  sð1Þb on slip system 1. The backstress becomes large alongthe shear band in which the slip system 3 is the primary system,
corresponding to the steepest gradients of the GND density qð1ÞGðeÞ
along this shear band. The effective shear stress sð1Þ  sð1Þb becomes
almost constant in the band-type region that corresponds to a
localized shear zone with a ﬁnite width. This stress behavior is un-
changed for a coarser mesh of 16  32 quadrilaterals with the 8RI-
4FI formulation (not shown here).
Curves of nominal stress versus nominal strain for different
length scales are plotted in Fig. 15. These curves have been ob-
tained using 8RI-4FI. The meshes composed of 32  64 and
16  32 quadrilaterals give identical curves for l/W0 = 0.12. The
Fig. 13. Detailed behavior predicted by gradient-dependent crystal plasticity theory with l/W0 = 0.12 (analyzed with the model composed of 32  64 quadrilaterals with the
8RI-4FI formulation). (a) Slip on slip system 1; (b) nondimensionalized GND density on slip system 1.
Fig. 14. Stress behavior predicted by gradient-dependent crystal plasticity theory with l/W0 = 0.l2 (analyzed with the model composed of 32  64 quadrilaterals with the 8RI-
4FI formulation).
3392 M. Kuroda / International Journal of Solids and Structures 48 (2011) 3382–3394width of the shear bands increased with increasing relative length
scale l/W0.
To examine the effect of the mesh orientation on the solution,
an additional calculation with 8RI-4FI for a length scale of l/
W0 = 0.12 was carried out using a mesh composed of 46  46 uni-form quadrilaterals, each with aspect ratio of 2. In this mesh, the
diagonal direction of each element was much steeper than the
favorable orientation for shear band formation. Nevertheless, the
direction and width of the shear bands, as well as the distributions
of all the quantities, appeared to be identical to those for the mesh
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Fig. 16. GND density distribution on slip system 1 predicted by use of 8FI-8FI
(32  64). Only the central portion of the specimen is shown.
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14.
A computation using the backstress formulation7 of
sðaÞb  bs0l2 grad qðaÞGðeÞ  sðaÞ þ grad qðaÞGðsÞ  pðaÞ
h
þ qðaÞGðeÞdivsðaÞ þ qðaÞGðsÞdiv pðaÞ
i
ð32Þ
with l/W0 = 0.12 was performed for the mesh with 32  64 quadri-
laterals with the 8RI-4FI formulation. In the computation, divsðaÞ
was evaluated by the method described below Eq. (20). As dis-
cussed in Kuroda and Tvergaard (2008b), this backstress relation
is consistent with the work-conjugate-type gradient crystal plastic-
ity theory of Gurtin (2008). No difference between the results ob-
tained with Eqs. (15) and (32) was visible at the resolutions of the
plots used in the present paper. Thus, qðaÞGðeÞdivsðaÞ has a very minor
effect in the present range of deformation.
The gradient-dependent solid with l/W0 = 0.12 was also ana-
lyzed using meshes composed of 16  32 and 32  64 quadrilater-
als with the 8FI-8FI formulation. The coarser mesh predicted
thicker shear bands, i.e. the solution is not converged in this range
of mesh resolution. As seen in Fig. 12, 8RI-4FI exhibited a nearly
mesh-independent response in the same range of mesh resolutions.
The deformed mesh proﬁle and slip distribution for 32  64
quadrilaterals with the 8FI-8FI formulation were very similar to
those for the 8RI-4FI formulation at the same mesh resolution
(Fig. 12b). However, oscillatory patterns appeared in the GND den-
sity map unexpectedly, as shown in Fig. 16. This oscillation stems
from the large changes in the values at the corner nodes and mid-
dle nodes. For the coarser mesh, these changes were more conspic-
uous. This behavior appeared not to affect distributions of effective
shear stresses and slips. Such oscillatory behavior of the GND den-
sity for 8FI-8FI was not observed in the one-dimensional problem
of the constrained simple shear, as shown in Fig. 3b by the open
circles, ‘‘’’.7 Of course, the screw dislocation terms are ruled out in the present application
owing to the restriction of plane strain conditions with two-dimensional slip systems.5. Discussion
In Kuroda and Tvergaard (2009), the same compression prob-
lem as that employed in the present paper (Fig. 4) was analyzed
using the 4SRI-4FI elements (but only up to a nominal compressive
strain of 0.05). Deformation behavior similar to that shown in
Fig. 7c was reported. Although the basic conclusions reached in
that study are not affected by the characteristic of 4SRI-4FI, more
relevant solutions would have been obtained using 8RI-4FI (or
8FI-8FI), as shown in Figs. 7a, b and d. The discrepancy between
the solution obtained using 4SRI-4FI and that obtained using
8RI-4FI (or 8FI-8FI) stems from different deformability in shearing
mode in directions other than along the edges of the element. In
the 4SRI-4FI formulation, one-point integration for the volumetric
part has been adopted in order to avoid the volumetric locking.
Nevertheless, it exhibits a stiffer response to shear deformation
in directions other than along the edges of the element.
Recently, Fredriksson et al. (2009) have examined the ability of
different quadrilateral elements in two-dimensional ﬁnite element
analysis for a small strain phenomenological gradient theoryof plas-
ticity (Gudmundson, 2004). In their analysis, 8RI-4FI, 8FI-8FI, and
4FI-4FI were included in the investigation, although the additional
nodal degrees of freedom were plastic strains. They reported that
stress oscillation behavior appeared in the constrained simple shear
problem, but it disappeared in the case of using 8RI-4FI. In their
study using the phenomenological theory under small-strain condi-
tions, 4FI-4FIwas recommendedas a default choice, and 8RI-4FIwas
considered as the second choice. In the present investigation of ﬁ-
nite-strain higher-order gradient crystal plasticity, however, 4FI-
4FI (equivalently, 4SRI-4FI for plastically incompressible problems)
exposed the difﬁculty regarding shear deformability in directions
not along element boundaries, and 8FI-8FI indicated the bumpiness
of the GND density distribution, as well as the stress oscillation,
although they might have a negligible effect on global stress and
strain response. Also, 8FI-8FI exhibited slower convergence upon
mesh reﬁnement than 8RI-4FI. Thus, within the present investiga-
tion, 8RI-4FI has not shown any disadvantages.
In the computations performed in the present study, a linear
incremental method has been used together with a staggered-type
algorithm to analyze the displacement rates and GND density
rates. A merit of this scheme is that the size of matrices in the glo-
bal system of equations to be solved simultaneously is limited.
However, small time increments are required to obtain stable com-
3394 M. Kuroda / International Journal of Solids and Structures 48 (2011) 3382–3394putations. When using fully implicit algorithms or when taking a
rate-independent limit, it is necessary to simultaneously treat a
huge number of unknowns (the displacement and GND density
rates at every node) as in the formulations in Evers et al.
(2004a,b) and Bayley et al. (2006), although much larger time
increments may be used. The huge number of simultaneous equa-
tions for both conventional and unconventional nodal degrees of
freedom may be a difﬁculty that must be faced in three-dimen-
sional large-scale problems. Apart from this problem, the basic
knowledge obtained in the present study on plane strain elements
will be directly applicable to three-dimensional elements with the
same order of the shape functions.
In conclusion, the present study has revealed the fundamental
characteristics and predictabilities of different ﬁnite elements in
higher-order gradient crystal plasticity analysis associated with a
large strain and plastic ﬂow localization. The 8RI-4FI formulation
has given the reasonable numerical solutions in all the cases con-
sidered here. The computational algorithms, however, should be
subjected to further examinations towards the realization of more
practical applications at ﬁnite strains.
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